We investigate the tidal deformability of a superfluid neutron star. We calculate the equilibrium structure in the general relativistic two-fluid formalism with entrainment effect where we take neutron superfluid as one fluid and the other fluid is comprised of protons and electrons, making it a charge neutral fluid. We use a relativistic mean field model for the equation of state of matter where the interaction between baryons is mediated by the exchange σ, ω and ρ mesons. Then, we study the linear, static l = 2 perturbation on the star to compute the electric-type Love number following Hinderer's prescription.
I. INTRODUCTION
After the observation of gravitational wave (GW) from the binary neutron star (BNS) merger event GW170817 [1] , the new era of GW Astronomy has begun. Future detections of these type of events will provide us a new tool to probe the state and the composition of matter at supranuclear densities that exists inside the neutron star (NS). We can get independent information about the internal structure of the NS arising from each stage of the binary evolution [2] [3] [4] . It has been shown that in the inspiral stage, the GW waveform deviates significantly from the point-particle structure due to the tidal distortion in the component NS induced by the binary companion. As this deviation depends strongly on the equation of state (EOS) of the matter, it can be used to constrain the properties of matter at extreme condition. Flanagan and Hinderer have shown that at early inspiral, the correction in the waveform phase can be described by a single EOS-dependent quantity λ, known as the tidal deformability [5] [6] [7] [8] [9] . The quantity λ is related to the NS radius via the relation λ = However, a very important feature of the NS matter has been mostly overlooked in those studies: superfluidity of nucleons [17, 18] . There exists both theoretical and observational reasons to believe that NS core should contain superfluid neutrons and superconducting proton. As the temperature inside the star goes below the critical transition temperature, the attractive component of the strong nuclear force leads to the BCS-like pair formation [19] .
From the observational point of view, pulsar glitches cannot be explained without invoking the crustal superfluidity of neutrons [20, 21] . Rapid cooling of the NS in Cassiopeia A is another example which can only be explained if we consider 3 P 2 neutron pairing inside the core [22, 23] . To study the dynamics of superfluidity of nucleons inside NS within the general relativistic framework is a non-trivial task. As a first approximation, several authors have attempted to include superfluidity using a two-fluid model where neutrons are taken as superfluid and all other matter (including protons and electrons) are taken together as a single normal fluid [24] [25] [26] [27] [28] [29] [30] . Then, the whole scenario is complicated by the "entrainment" effect between the two fluids, where momentum of one carries some mass current of the other [31] . It has been found that the superfluidity modifies the rotational equilibrium structure [32, 33] . It also affects the modes of oscillation of the star due to the generation of purely superfluid modes which are otherwise absent in the single fluid scenario [34] [35] [36] . Therefore, one can expect that there would be some definite signature of superfluidity in the GW waveform also. Hence, to model the tidal interaction properly, one should include superfluidity in the calculation. This problem has been investigated by Yu and Weinberg in Newtonian context [37, 38] . But, to our knowledge, there exists no relativistic analog for such calculation of k 2 . So the goal of the present work is to find a Hinderer-type solution for tidal perturbation including superfluidity. For this purpose, the local properties of matter are determined using a realistic EOS model. Comer and Joynt have calculated the entrainment for the first time in a Walecka-type σ-ω model with relativistic mean field (RMF) approximation [39, 40] . As the matter inside the NS is highly asymmetric, the model is recently updated to include the effect of isospin dependence by Kheto and Bandyopadhyay [41, 42] . We use their updated relativistic σ-ω-ρ model to calculate the "master function"
of the two-fluid formalism and the other matter variables.
The paper is organized as follows. In Sec. II, we first discuss the two-fluid formalism followed by the calculation of the equilibrium structure along with a brief overview the RMF model of dense matter to calculate the assorted matter coefficients of the model. Next, in
Sec. III, we derive the framework for tidal perturbation in the two-fluid model. Then, in
Sec. IV we discuss our results. Finally, we summarize in Sec. V. We assume c = G = 1 and use the metric signature {−, +, +, +} throughout the article.
II. GENERAL RELATIVISTIC SUPERFLUID NEUTRON STAR
In this section, we discuss the key ingredients of the superfluid formalism developed by different groups [24-30, 32, 34] . We adopt a two-fluid model with entrainment. The central quantity of this formalism is the master function Λ. It is a function of three scalars,
, and x 2 = −n µ p µ . These scalars are constructed from the conserved number density currents n µ and p µ of the neutron and proton, respectively. When the fluids are co-moving, the total thermodynamic energy density is −Λ(n 2 , p 2 , x 2 ). When Λ is given, the stress-energy tensor can be written as,
where, Ψ is the generalized pressure, and can be expressed as,
Here, χ ν and µ ν are the chemical potential co-vectors of the proton and the neutron fluid respectively.
and, the A, B and C coefficients are given by,
The quantities µ µ and χ µ make the so-called entrainment effect vivid, that can be understood from the Eq. 3. The momentum of one component carries along some of the mass current of the other component as long as A = 0. As a result the master function becomes "entrainment-free" if A = 0, implying that it does not depend on x 2 . The equations of motion also consist of two conservation equations for n µ and p µ ,
We also have a set of Euler type equations [34] ,
where, the square braces represent the antisymmetrization of the closed indices.
A. Equation of state of neutron star matter
We calculate the master function using a σ-ω-ρ model with self-interaction in the RMF approximation. The Lagrangian of the theory is given by,
where, m B is the baryon mass. In our calculations, we use the nucleon mass m as the average of the baryon masses. The Dirac effective mass m * is defined as m * = m − g σ σ.
The σ, ω and ρ represent the scalar, vector and vector-isovector interactions respectively.
The τ B is the isospin operator. The Ω µν , P µν are the field tensors for ω and ρ mesons respectively. For the two-fluid system, a frame is chosen in such a way that neutrons have zero spatial momentum and the proton momentum have a boost along the z-direction as
We identically follow the same procedure as Ref. [41, 42] to solve the meson field equations and numerically evaluate the master function Λ, generalized pressure Ψ etc. in the limit K → 0.
B. Equilibrium structure
The background metric of the star under consideration is taken to be static and spherically symmetric. Therefore, it is possible to write the metric in the Schwarzschild form as follows,
We evaluate the two metric functions from the Einstein's equations as,
The radial profiles for n(r) and p(r) are determined by the following equations [34] ,
where,
The variables that are more appropriate for the RMF calculations are the two Fermi wave numbers k n and k p . Hence, we substitute everywhere the number densities with the Fermi wave numbers by using n = k 3 n 3π 2 and p = k 3 p 3π 2 , and solve for k n and k p instead. A convenient way for determining the Dirac effective mass m * | 0 (k n , k p ) has been discussed in [39] . They have turned the transcendental algebraic relation in Eq. 30 into a differential equation via
where k ′ n and k ′ p are obtained from Eq. 10. The prime in the equations represent a radial derivative and a zero subscript represents that after the partial derivatives are taken, we take K → 0. The boundary conditions are put at the center and the surface of the star.
Non-singularity at center imposes κ(0) = 0 and κ ′ (0) and ν ′ (0) vanish too. This condition along with Eq. 10 imposes that k
The continuity of the metric variable at the surface of the star r = R, implies that the total mass of the star is,
and Ψ| 0 (R) = 0. We have written down the necessary expressions for all the matter quanti-
in the Appendix.
III. PERTURBED SUPERFLUID STAR
When a non-rotating static NS is placed in an external time-independent tidal field E ij , the induced quadrupolar response can be written as,
where, λ is the tidal deformability that is related to l = 2 dimensionless Love number k 2 by k 2 = 3 2 λR −5 . To calculate k 2 , we consider the linearized perturbations on the static and spherically symmetric star following Thorne and Campolattaro [43] . Then, we can write the full metric as,
where, g
αβ and h αβ are the background and the perturbed part of the metric respectively. We expand the metric and the fluid perturbations in terms of the spherical harmonics Y m l (θ, φ), keeping only the m = 0 terms due to spherical symmetry of the background [45] . We focus only on the l = 2, static, even-parity perturbations in the Regge-Wheeler gauge [44] .
, it is written as,
It is straightforward to calculate the perturbation in the energy momentum tensor. We have 
From the expressions of δµ ρ and δχ ρ found by Comer [34] , it follows,
From the linearized Euler equation, it can be found that [34] ,
Therefore, staticity implies δµ 0 = δχ 0 = 0. Using Eq. 16, 18 and 19, we find,
Next we calculate δΛ as,
To get the final perturbation equation, we use the following Einstein equation along with the expression of δΛ,
After some simplifications, it reduces to,
This is the central equation for the determination of the tidal Love numbers. It is also to be noted here that Eq. 24 contains the coefficients A µν , B µν and C µν which we evaluated for the equilibrium configuration. We now emphasize the main difference between Eq. 24
and its non-superfluid single fluid counterpart Eq. 15 of Hinderer [6] . In case of the normal fluid, barotropic nature of the fluid is assumed. Hence, it is possible to write δρ = dρ dp δp and substitute it into one of the perturbed Einstein's equations. But, for any multifluid scenarios, this assumption is not true, in general. Therefore, we explicitly calculate the δΛ with respect to the fluid variables and the perturbed metric variables. Thus, the final equation gets modified and so does the response to the perturbation subsequently.
Calculating the tidal Love number
In order to calculate the tidal deformability, one needs to solve Eq. 24 numerically inside the NS and match it with the external solution of the same equation on the surface of the star. This has been discussed extensively in [6] [7] [8] . We discuss only the initial conditions here. We need to integrate Eq. 24 for metric perturbation function H radially outward from the center using the profiles of the background quantities calculated from TOV equations.
But for numerical purposes, we can not start from r = 0, rather we use a very small cutoff radius (r = r 0 = 10 −6 ). The boundary condition for Eq. 24 around the regular singular point r = 0 can be taken to be H(r) ∼hr 2 , withh an arbitrary constant. As this equation is homogeneous in H and the tidal deformability depends explicitly on the value of y (= The value of the deformability can be computed with respect to y and the compactness
, by matching the internal and external value of H at surface. The tidal Love number k 2 then takes the functional form [6] [7] [8] ,
This expression of k 2 is similar to the one fluid formalism. This happens because the information of the fluid enters through y| r=R and C. Two-fluid model does not change the external solution. It only changes the internal equation of H, that gives us different value of y| r=R , leading to the change in the value of k 2 but not its expression.
IV. RESULTS AND DISCUSSIONS
Now, we discuss the numerical results for tidally deformed superfluid stars. First, we calculate the static equilibrium configurations by solving the TOV equations using realistic EOS. As only a few calculations are available for the two-fluid system, we choose a RMF model with scalar self-interaction terms and use NL3 and GM1 parametrizations. In this context, we impose the β-equilibrium at the center of the star by imposing the condition, µ| 0 = χ| 0 to get a set of k n , k p and m * for calculating the central number densities of neutron and proton, energy density (−Λ| 0 ) and pressure (Ψ| 0 ). These quantities serve as the starting point for solving Equations 9, 10 and 13 to find the structure of the star and generate profiles for various background quantities for several different sets of (k n , k p , m * ) corresponding to different central energy densities. The maximum mass, we have calculated for NL3 is 2.793 M ⊙ and the corresponding radius being 13.19 km. Similarly, for GM1, the maximum mass is found to be 2.384 M ⊙ and the corresponding radius is 11.9 km. Details of those parameter sets are listed in Tab. I. Here, we also stress the fact that these EOS serve representative purposes only as both of them are ruled out by the latest GW data.
Then, we solve the metric perturbation Eq. 24 using the background profiles mentioned earlier, find y at the surface of the stars and calculate the Love numbers using Eq. 25. The effect of entrainment is implicitly manifested in the results as it enters the equation for H via the function g which contains the A coefficient. In Tab. II, we have compared our calculated . The change is about ∼ 5 − 8% for NL3 EOS and and ∼ 4 − 11% for GM1
EOS. We find a trend of increase in the percentage change as we go for the higher mass. It is important to understand the significance of the present result in the context of constraining the dense matter EOS using the GW data. The same RMF model gives higher values of Λ for superfluid cases. Hence, more EOS can be ruled out which are otherwise allowed if we do not consider superfluidity inside the NS.
We also plot the profile of y of a 1.4M ⊙ star for both one and two-fluid cases and compare them in Fig. 1 and 2 for NL3 and GM1 models respectively. We find that y differs significantly near the surface of the star in both cases. This leads to different values of Love numbers for single and two-fluid cases. We find the Love numbers are usually larger for two-fluid system. To understand the reason for this particular behavior, we take resort to the perturbation analysis of two-fluid star done by Comer et al. [34] . In their studies, they found the existence of several superfluid oscillation mode which cannot be found otherwise superfluid stars, we will get slightly larger deformations. This is exactly what we find in the Tabs II and III.
V. SUMMARY
We have investigated the possibility of probing the superfluid nature of matter inside the NS using the GW observations. We have calculated the l = 2 tidal Love number for superfluid NS in a two-fluid model using realistic nuclear interactions and compared them with the ones calculated for non-superfluid single fluid stellar configurations. We have found the overall change in the dimensionless tidal deformability ranging from 4 to 11% corresponding to stars with mass range within 1 − 2 M ⊙ . The superfluid framework imposes stricter constraints on the dense matter EOS in the context of GW observation. We expect the other Love numbers, such as k 3 , j 2 etc., also to be sensitive to superfluidity.
This provides us the opportunity to improve our understanding of the superfluid nature of the dense matter with better observational data in future.
The main criticism of this work can be the non-inclusion of crust for the two-fluid star.
We integrate the uniform matter EOS up to the surface. Therefore, the low density behavior of the system might affect the result for the low mass stars. But, this formalism is one of the most consistent way to treat superfluid NS in general relativity. Therefore, one has to consider it to study the tidal phenomena in NS. This work can be seen as a proof-of-concept study in that direction.
In a future work, we plan to incorporate the low density behavior in our model in a self-consistent manner. We also intend to present a general framework for the calculation of
